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SPACES OF LIPSCHITZ FUNCTIONS ON BANACH SPACES
CHARLES STEGALL Institut fu¨r Mathematik, Johannes Kepler Universita¨t, A-4040 Linz,
Austria
A remarkable theorem of R. C. James is the following: suppose that X is a Banach
space and C ⊆ X is a norm bounded, closed and convex set such that every linear
functional x∗ ∈ X∗ attains its supremum on C; then C is a weakly compact set.
Actually, this result is significantly stronger than this statement; indeed, the proof
can be used to obtain other surprising results. For example, suppose that X is a
separable Banach space and S is a norm separable subset of the unit ball of X∗
such that for each x ∈ X there exists x∗ ∈ S such that x∗(x) = ‖x‖ then X∗ is
itself norm separable (this is in [R]). If we call S a support set, in this case, with
respect to the entire space X , one can ask questions about the size and structure
of a support set, a support set not only with respect to X itself but perhaps with
respect to some other subset of X . We analyze one particular case of this as well
as give some applications. We begin by restating an old result, some consequences
of which are, perhaps, not well known.
Main Theorem. Let X be a Banach space and K a weak* compact subset of the
dual X∗. The following are equivalent:
(i) if Y is any separable Banach space and U : Y → X is any operator, then U∗(K)
is a norm separable subset of Y ∗;
(ii) if R : X → C(K) is the canonical operator then R maps bounded subsets of X
into equimeasurable subsets of C(K);
(iii) the operator R factors through an Asplund space (a Banach space whose dual
has the Radon-Nikodym property);
(iv) for any regular Borel (with respect to the weak* topology) measure µ on K and
any ǫ > 0 there exists a norm compact subsetKǫ of K such that |µ|(Kǫ) > |µ|(K)−ǫ;
(v) given any subset S of K and any ǫ > 0 there exists an x ∈ X and a real r so
that {x∗ ∈ S : x∗(x) > r} is not empty and has norm diameter less than ǫ.
In [S5] it is proved that if K satisfies one of the above then so does the weak*
closed convex hull of K. An immediate consequence of the equivalence of (i) and
(iv) above is
Theorem. Let U : X → Y be an operator and K ⊆ Y ∗ a weak* compact set.
Suppose that T ∗ is both a weak* and a norm homeomorphism on K. Then K
satisfies any one of the above if and only if T ∗(K) does.
2Actually, we may formulate the result above as only requiring that T ∗ is one to one
on K and (T ∗)−1 is (norm to norm) in the first Baire class (or, for that matter, in
any Baire class). If (i) is false all of the others are false [S5]. The other directions,
except, perhaps, those involving (v), are essentially results of Smulian, Dunford,
Pettis, Phillips and Grothendieck; see [G], [S5] and [S6] for more detail. Condition
(v) is implicit in the results of Smulian. What is somewhat newer is that these
conditions are equivalent to:
(vi) there exists a (norm to norm) first Baire class function λ : X → X∗ so that
λ(x) ∈ K and λ(x)(x) = supy∗∈K y
∗(x) for all x ∈ X .
That (vi) follows from (v) can be obtained from [JR] and see [S3] for a transparent
proof. The first use of selection theorems in this connection is in [F]. That (vi)
implies (i) is almost explicitly stated in [R] and is based on results of R. C. James
(see [S1] for a discussion of James’ results). We give a proof that a somewhat
different version of (vi) implies (i).
Let X be a Banach space and K a weak* compact subset of the unit ball of X∗.
Suppose that S is a subset of X∗ that is Lindelo¨f in the weak* topology (in partic-
ular, S is norm separable) and K \ S 6= ∅. Fix y∗ ∈ K \ S. Observe that
S ⊆
⋃
‖x‖=1
{x∗ : |(y∗ − x∗)x| > 0}.
We may choose a sequence {xn} with ‖xn‖ = 1 so that
S ⊆
⋃
n
{x∗ : |(y∗ − x∗)xn| > 0}.
Define
φ(x∗) = 1−
∑
n
2−n|(y∗ − x∗)xn|.
Observe that −1 ≤ φ(x∗) ≤ 1 and
sup
z∗∈K
φ(z∗) ≥ 1 = φ(y∗) > φ(x∗)
if x∗ ∈ S. Thus, φ does not attain its supremum on K at any point of S. Moreover,
|φ(x∗)− φ(z∗)| =
∣∣∣∣∣
∑
n
2−n|(y∗ − x∗)xn| −
∑
n
2−n|(y∗ − z∗)xn|
∣∣∣∣∣
≤
∑
n
2−n|(z∗ − x∗)xn| ≤ ‖z
∗ − x∗‖
which proves that the Lipschitz norm of φ is no more than one. Also, φ is concave
and is obtained by applying lattice operations to the sequence {xn} and the constant
functions. Suppose, in addition, that X is a separable Banach space. If, given any
φ that is weak* continuous on K and Lipschitz in the norm, there exists x∗ ∈ S∩K
so that φ(x∗) = supK φ then S ∩K = K. This follows from the fact that the unit
ball of X∗ is a separable metric space in the weak* topology. If we fix z∗ ∈ K and
let S = K \ {z∗} then there is an φ that attains its supremum only at z∗. In fact,
it suffices to take only those φ which can be generated as above from X and the
constants.
3Let X∗ be the dual of the Banach space X . Let L(X) denote the smallest lattice of
functions that are both weak* continuous on the unit ball B of X∗ and Lipschitz
with respect to the norm on X∗; the norm on L(X) is given by
(1) L(f) = max
{
sup
‖x∗‖≤1
|f(x∗)|, sup
x∗ 6=y∗
‖x∗‖≤1
‖y∗‖≤1
‖x∗ − y∗‖−1|f(x∗)− f(y∗)|
}
.
Observe that L(X) is generated by X and the constants. Consider the canonical
operators
X
I
−→ L(X)
R
−→ C(B).
This means that each x∗ in the unit ball of X∗ can be considered as three different
objects: δx∗ , denoting the point mass in C(B), as an element of L(X)
∗ and x∗ ∈ X∗.
Also, I is an isometry on X and I∗ is an isometry on B. Of course, B, considered
as a subset of L(X)∗, does not have the same convexity structure as it does as a
subset of X∗. Suppose that K ⊆ B is weak* compact and satisfies the hypothesis
of the Main Theorem. The canonical operator R : L(X) → C(K) (the restriction
operator) has norm no more than one and transforms the unit ball of L(X) into
an equimeasurable subset of C(K); this is nothing more difficult than the results
of [S6] and the Arzela-Ascoli theorem. There exist (see [JR], [F] and [S3]) a
sequence of norm to norm continuous functions λn : L(X) → L(X)∗ such that
‖λn(f)‖ ≤ 1 for all n and f ∈ L(X), limn λn(f) = λ0(f) (limit in norm) exists for
all f , λ0(f) ∈ K and f(λ0(f)) = supK f . Since B is a retract of X
∗ and I∗ is an
isometry on B, considered as a subspace of L(X)∗, it follows that B is a retract of
L(X)∗. We may assume that each λn takes its values in B. Define
S =
∞⋃
n=0
λn(L(X))
norm
.
What is critical here is that K ⊆ S. Since K and S are both subsets of B it does
not matter whether we write x∗ or δx∗ . Suppose that there exist z
∗ ∈ K and and
η > 0 so that ‖z∗ − x∗‖ > η > 0 for all x∗ ∈ S. Fix δ > 0 and a norm compact
subset D of S. Choose a finite subset F of the unit ball of X such that
η < ‖x∗ − z∗‖ < sup
x∈F
|(x∗ − z∗)x|+ δ
for all x∗ ∈ D. Define
φ(u∗) = sup
x∈F
|(z∗ − u∗)x|.
Now, the elementary computation:
φ(u∗) = sup
x∈F
|(z∗ − u∗)x| ≤ sup
x∈F
{|(v∗ − u∗)x|+ |(z∗ − v∗)x|}
≤ sup
x∈F
{‖v∗ − u∗‖+ |(z∗ − v∗)x|} ≤ ‖v∗ − u∗‖+ φ(v∗).
Since supx∗∈K φ(x
∗) ≤ 2, this proves that L(1− φ) ≤ 1. Also, we have
1− φ(u∗) ≤ 1− η + δ for all u∗ ∈ D and
1− φ(z∗) = 1.
4Let δ = η/3. We have produced a filter (over the norm compact subsets D of S)
F = {ψD : ψD(D) ≤
2
3
η, ψD(z
∗) = 1, and L(ψD) ≤ 1}.
Moreover, each ψD is concave and generated by the lattice operations on a finite
subset of X and the constants. Let h be any cluster point of F in the topology
of pointwise convergence on K. If F ⊆ X then we denote by L(F ) the smallest
norm closed, linear sublattice of L(X) containing F and the constants; if F is norm
separable then so is L(F ). Choose ψ1 ∈ F so that |h(z
∗)−ψ1(z
∗)| < δ2 . Choose F1
a finite subset of X such that ψ1 ∈ L(F1) and let
L(F1) =
⋃
j
G1,j
where each G1,j is norm compact. In general, we construct {ψk} ⊆ F , {Fk} finite
subsets of X , compact subsets {Gk,j} of L(∪i≤kFi) so that ψk(z∗) = 1 and
L(∪i≤kFi)) =
⋃
j
Gk,j and
ψk+1 ≤
2
3
η on
⋃
p,q,r≤k
λp(Gq,r).
Since {ψk} is bounded in the Lipschitz norm it follows that the subset of S where
{ψk} converges to null is norm closed. Everything reduces to the case of the separa-
ble Banach space Y generated by ∪kFk. The functions {ψk} may be considered as
weak* continuous and Lipschitz on the unit ball of Y ∗ and converge to null on every
λ0(f)|Y but this set contains all of K|Y and we have that lim supψn(x∗) ≤
2
3η for
all x∗ ∈ K which contradicts lim inf ψn(z∗) = 1. Denote by C ⊆ L(X) the set of
concave functions such that L(f) ≤ 1.
Theorem. If I : X → L(X) is as above and K is a Radon-Nikodym set in the
unit ball of X∗ then K = λ0(C)
norm
.
Proof. Suppose not. Suppose that z∗ ∈ K, ǫ > 0 and ‖λ0(f) − z∗‖ > ǫ for all
f ∈ C. Suppose that ‖z∗‖ < 1. Choose 0 < δ < ǫ such that ‖z∗‖ + δ < 1. Then
λ0 is a function of the first Baire class with values in C = B \ B(z∗, δ). The
relevant geometric property of C is that it is arcwise connected and locally arcwise
connected; see [Ve] and its references or it is easy to rearrange the proof given in
[S3] to obtain continuous functions ξn : C → C such that lim ξn(f) = λ0(f) for all
f ∈ C. We have already proved that
K ⊆
⋃
n
ξn(C)
norm
but this contradicts ‖ξn(f)−z∗‖ ≥ δ for all n and all f ∈ C. Suppose that ‖z∗‖ = 1.
Define ρ : B → B by ρ(x∗) = x∗ for ‖x∗ − z∗‖ ≥ ǫ2 and
ρ(x∗) = (1−
ǫ
2
+ ‖x∗ − z∗‖)x∗ + (
ǫ
2
− ‖x∗ − z∗‖)(−z∗)
5for ‖x∗−z∗‖ ≤ ǫ2 . Obviously, if ‖x
∗−z∗‖ ≥ ǫ2 then ‖ρ(x
∗)−z∗‖ ≥ ǫ2 ; suppose that
δ =
ǫ
2
− ‖x∗ − z∗‖ <
ǫ
2
.
If δ ≤ ǫ
8
we have that ‖x∗ − z∗‖ ≥ ǫ
2
− ǫ
8
and
‖ρ(x∗)− z∗‖ = ‖(1− δ)x∗− (1+ δ)z∗‖ ≥ ‖x∗− z∗‖− δ‖x∗+ z∗‖ ≥
ǫ
2
−
ǫ
8
−
2ǫ
8
=
ǫ
8
.
If δ ≥ ǫ8 then
‖ρ(x∗)− z∗‖ = ‖(1− δ)x∗ − (1 + δ)z∗‖ ≥ (1 + δ)− (1− δ) = 2δ ≥
2ǫ
8
.
In either case, ‖ρ(x∗) − z∗‖ ≥ ǫ8 . Observe that limn ρ ◦ λn(f) = λ0(f). Again, we
know that
K ⊆
⋃
n
ρ ◦ λn(C)
norm
but this is a contradiction. In the formula for ρ we have considered B as a subset
of X∗; of course, when B is considered as a subspace of L(X) then we have to
consider the canonical inverse of the isometry composed with ρ.
With a non trivial expansion of these techniques, the following can be shown: with
the hypothesis as above, if x∗ ∈ K and ǫ > 0 then there exits φ ∈ C such that φ
attains its supremum only on K ∩B(x∗, ǫ), which means that λ0(φ) ∈ K ∩B(x∗, ǫ)
(for any λ0). The case considered above where ‖z∗‖ < 1 could be dealt with
differently, with considerable overkill. In any infinite dimensional Banach space the
sphere S of a closed ball B is a retract of B; this is an old result for a Hilbert space
and it follows for any Banach space by the Anderson-Kadec-Torunczyk theorem
(see [BP] and [vM]). Thus we could retract B onto B \B(z∗, δ) and replace each
λn with its composition with such a retraction. The following is almost proved in
[F]; what is missing can be found in [R]. More details can be found in [FG] and
short proofs in [S9] and [S10]. The proof below does not use the results of R. C.
James.
Theorem. Let X be a Banach space such that X∗ has the Radon-Nikodym property
(the unit ball of X∗ satisfies the Main Theorem). Then there exists an interval of
ordinals [1, η] such that for each 1 ≤ α ≤ η we may construct subspaces Xα of X
and subspaces X♯α of X
∗ such that
(i) X♯α|Xα is an isometry onto X
∗
α;
(ii) for each limit ordinal β it follows that
Xβ =
⋃
Xα
norm
and X♯β =
⋃
X♯α
norm
;
(iii) X1 is norm separable;
(iv) the norm density of Xα (which equals the norm density of X
♯
α) is countable or
no more than that of α and
(v) Xη = X.
6Proof. Here, K is the unit ball of X∗. The proof is by induction. Assume that we
have constructed Y1 = Xα. Let Li be the smallest lattice in L(X) containing Yi.
Choose Y1 ⊆ Y2 such that Y2 6= Y1,
X♯α ⊆
[⋃
j
λj(L2)
]
⊆ X∗
and both Y2 and Y1 have the same norm density. In general, choose Yn ⊆ Yn+1 so
that Yn+1 norms [∪jλj(Ln)]. Remember that the mapping from L(X)∗ to X∗ is an
isometry on the unit ball of X∗. Define Xα+1 = [∪nYn] and X
♯
α+1 = [∪n∪j λj(Ln)].
It follows that X♯α+1|Xα+1 is an isometry onto.
Before returning to Banach spaces, we discuss an abstraction of the above. Suppose
that K is a compact Hausdorff space that has a finer topology given by a metric d.
We denote by L(K, d) the Banach space of functions that are both continuous on
K and Lipschitz with respect to d and the norm on L(K, d) is given by
(2) L(f) = max
{
sup
k
|f(k)|, sup
k 6=k′
d(k, k′)−1|f(k)− f(k′|
}
.
We make two assumptions:
(i) L(K, d) separates the points of K and
(ii) for each regular Borel measure µ on K and each ǫ > 0 there exists a subset M
of K that is compact in the metric and
|µ|(M) > ‖µ‖ − ǫ.
If we replace d by the metric
(3) ρ(k, k′) = sup
L(f)≤1
|f(k)− f(k′)|
it is quite easy to see that L(K, ρ) also satisfies (i) and (ii). It may happen of course
that L(K, ρ) is larger than L(K, d) and this, in general, is desirable. Thus, we shall
assume that ρ = d. If we assume that (K, d) is complete and
(iia) for each subset S of K and each ǫ > 0 there exists an open subset V (in the
topology that makes K compact) so that V ∩ S 6= ∅ and diameter V ∩ S < ǫ
then (iia) implies (ii) ([S7]) and (i) and (iia) together give a useful topological
characterization of compact spaces that are homeomorphic to a weak* compact
subspace of a dual Banach space satisfying the Main Theorem (see [S7] and [Na]).
For our purposes, and probably all purposes, (i) and (ii) are more useful than (i)
and (iia). Condition (iia) does not imply condition (i). Indeed, the examples in [T]
and [SL] are compact spaces satisfying (iia) (this is a special case of [Gu], [V],
[Na] and for lots of details, [S7]) and this example is not an Eberlein compact but
is a Corson compact (same references). As we shall see below, a Corson compact
space that is the continuous image of a space satisfying (i) and (ii) must be an
Eberlein compact. Conditions (i) and (ii) together are much stronger than (iia)
alone. Observe that the canonical operator U : L(K, ρ) → C(K) transforms the
unit ball of L(K, ρ) into an equimeasurable set (see [S6]) and it follows that K
considered as a subset of L(K, ρ)∗ satisfies the Main Theorem. Suppose that there
7exists a subset S of L(K, d) such that S also separates the points of K and S is
point countable on K, which means that
{f ∈ L : |f(k)| > 0}
is countable for each k ∈ K (this is the definition that K is a Corson compact).
We may also assume that
(4) ρ(k, k′) = sup
L(f)≤1
f∈S
|f(k)− f(k′)|
We shall show that if a compact Hausdorff space K is both a Corson compact space
and homeomorphic (in the weak* topology) to a weak* compact subset of some X∗
satisfying the conditions of the Main Theorem then K is an Eberlein compact.
Suppose that X is a Banach space and K ⊆ B ⊆ X∗ are as above and K satisfies
the Main Theorem. Suppose that K is also a Corson compact. Define L(X) as
above and let
X
I
−→ L(X)
R
−→ C(K)
be the canonical operators; R is the restriction operator which is also a lattice
homomorphism. Suppose that S ⊆ C(K) is point countable and point separating.
It is easy to see that the smallest algebra over the rational numbers is also point
countable and point separating. Thus we may assume that S is uniformly dense
in C(K); also R(L(X)) is uniformly dense in C(K) (see [N] concerning the Stone-
Weierstraß theorem). Suppose S = {fα} and for each α choose an n ∈ N and gn,α
in the unit ball of L(X) such that
‖2nR(gn,α)− fα‖ <
1
4
and define
hn,α = (gn,α ∨ 2
−n−1)− 2−n−1.
If, for some k ∈ K, hn,α(k) > 0, then R(2ngn,α)(k) >
1
2 and it follows that
fα(k) 6= 0; thus, {hn,α} is point countable. Suppose, k and k′ are distinct points of
K. Choose f ∈ C(K) such that ‖f‖ = 1 and f(k) = 1 and f(k′) = −1. Choose α
such that ‖fα − f‖ <
1
4
. For the appropriate 2ngn,α we have that
‖2nR(gn,α)− f‖ <
1
2
and it follows that 2nR(gn,α)(k) >
1
2 and 2
nR(gn,α)(k
′) < −12 . Thus, hn,α(k) > 0
and hn,α(k
′) = 0. We have that {hn,α} is point countable and point separating.
We may assume the following: we have a Banach space Y (in this case, Y = L(X))
and a Radon-Nikodym subset K of Y ∗ and a subset T (T = {hn,α}) of Y that is
point countable and point separating on K. We shall apply the entire procedure to
L(Y ); this roughly corresponds to the double interpolation in [S10]. At this point,
however, we shall simplify the notation.
8Suppose that X is a Banach space, K ⊆ X∗ a Radon-Nikodym set, and T ⊆ X is
point countable and point separating on K. We may also assume that the linear
span [T ] of T is X ; in fact we may assume that T is a norm dense linear (over
the rationals) subspace of X . The weak* closed convex hull of K is also a Radon-
Nikodym set (see [S6] but not the review thereof in Mathematical Reviews). We
check that the norm closed convex hull of K is the same as the weak* closed convex
hull. Let µ be a Radon probability measure on K; the resolvent r(µ) ∈ X∗ is the
linear functional given by
r(µ)(x) =
∫
x dµ.
The set of all resolvents is exactly the weak* closed convex hull of K. For any ǫ > 0
there exists a norm compact set F ⊆ K such that µ(F ) > 1− ǫ. The norm closed
convex hull of F is norm compact and contains r(ν) where ν = (µ(F ))−1χFµ. For
any x ∈ X we have that
|r(µ)(x)− r(ν)(x)| = |
∫
x dµ−
∫
xν|
≤
(∫
K\F
|x| dµ
)
+ |1− µ(F )−1|
(∫
F
|x| dµ
)
≤
(
ǫ+ |1−
1
1− ǫ
|
)
‖x‖.
It remains to verify that T is point countable on the weak* closed convex hull of
K. Suppose that y∗ is in this hull; then there exists a countable set C ⊆ K such
that y∗ is in the norm convex hull of C. If some x ∈ T is nonzero on y∗ then x is
nonzero on some point in C; since C is countable this proves that
{x ∈ T : |y∗(x)| > 0}
is countable. Finally, we may assume that K is convex. Define I : X → L(X) and
λ0, λ1, λ2, . . . as before. Since K is convex and norm closed it is a (norm) retract
of X∗ (see [BP]); also, I∗ is an isometry on K (considered as a subset of L(X))
and it is easy to see that K is a retract L(X)∗. We may assume that each λn takes
values in K. An elementary property of Corson compacta is that given an infinite
set T ′ ⊆ T then there exist S ⊆ T , T ′ ⊆ S and a continuous (in this case weak*
continuous) retraction r on K such that f ◦ r = f for all f ∈ S and f ◦ r = 0 for
all f ∈ T \ S; such sets S are said to be good subsets (see [Ne]). The increasing
union of good sets is also good. The crucial facts about any weak* compact subset
F of K and any family S of continuous functions that separate the points of F are
the following:
norm density F ≤ weight F ≤ cardinality S
(the weight is with respect to the weak* topology) becauseK satisfies the hypothesis
of the Main Theorem. There exists an interval of ordinals [0, η] for which we can
construct good increasing subsets Sα of T with the following properties:
(i) S0 = ∅;
(ii) S1 is countable;
(iii) Sα is countable or the cardinality of Sα is the cardinality of α;
(iv) if β is a limit ordinal then Sβ = ∪α<βSα;
(v) Sη = T ;
9(vi) there exist continuous retractions {rα} on K such that frα = f if f ∈ Sα and
if f ∈ T \ Sα then frα = 0 and
(vii) if Lα denotes the smallest lattice containing Sα and the constants then, for
any limit ordinal β,
⋃
n
λn(Lβ)
norm
=
⋃
n
⋃
α<β
λn(Lα)
norm
= rβ(K).
The construction is by induction and follows from the following discussion. Fix an
infinite subset S of T . Construct an increasing subsequence of good subsets {Tj} of
T of the same cardinality as S, with associated retractions {rj}, the norm closure
of Tj is a linear subspace Xj of X , Xj generates the lattice Lj and
rj(K) ⊆
⋃
n
λn(Lj)
norm
⊆ rj+1(K).
It follows that ∪jTj = T0 is also good with retraction r. Let L = ∪jLj ; it follows
that L is the lattice generated by Y = ∪jXj
norm
. Observe that f ◦ r = f for all
f ∈ L. Let J : L → L(X) be the containment operator. From the above we know
that
J∗(K) = J∗r(K) ⊆
⋃
n
J∗λn(L)
norm
⊆
⋃
j
⋃
n
J∗λn(Lj)
norm
⊆
⋃
j
J∗rj+1(K)
norm
⊆ J∗r(K).
For a given ǫ > 0 and k ∈ K choose n, j and φ ∈ Lj such that
‖J∗r(k)− J∗(λn(φ))‖ < ǫ;
because f ◦ r ∈ L and r(λn(φ)) = λn(φ) it follows that
‖r(k)− λn(φ)‖ = sup
f∈L(X)
L(f)≤1
|f(r(k))− f(λn(φ))|
= sup
f∈L
L(f)≤1
|f(r(k))− f(λn(φ))| = ‖J
∗r(k)− J∗(λn(φ))‖ < ǫ.
The relevant formula is
r(K) =
⋃
j
rj(K)
norm
.
If we have constructed Sα then Sα+1 is constructed by this process.
If we define
(5) ρα(k, k
′) = sup
L(f)≤1
f∈Sα
|f(k)− f(k′)|
then we have that
ρα(k, k
′) = ‖rα(k)− rα(k
′)‖.
10
Define the sets Tβ = Sβ \ ∪α<βSα and the functions
φβ(k) = sup
L(f)≤1
f∈Tβ
|f(k)|.
Observe that each φβ is lower semi-continuous, φβ(k) = 0 if β is a limit ordinal and
φβ+1(k) = ρβ+1(rβ+1(k), rβ(k)) = ‖rβ+1(k)− rβ(k)‖.
Suppose that each αi is not a limit ordinal and
0 < α1 < α2 < · · · < β = sup
n
αn < η.
Fix k ∈ K so that rβ(k) = k. Choose kn ∈ rαn(K) so that ‖k − kn‖ → 0. Then
‖kn − rαn+1−1(k)‖ = ‖rαn+1−1(kn)− rαn+1−1(k)‖
= ραn+1−1(kn, k) ≤ ‖kn − k‖
n
−→ 0.
Therefore, ‖k − rαn−1(k)‖
n
−→ 0 and
φαn(k) ≤ ‖rαn−1(k)− rαn(k)‖ = ραn−1(k, rαn(k))
n
−→ 0.
This proves that
{α : |φα(k)| > ǫ}
is finite for each k and each ǫ > 0. Assume that for any subset T of S such that the
cardinality of T is less than that of S we have that the image of K in
∏
T [−1, 1]
defined by k → (f(k))f∈T is an Eberlein compact. Let
{
Eβ ⊆
∏
Tβ
[−1, 1]
}
be the images under these maps. ¿From this, it follows that K itself is an Eber-
lein compact because the image of K in
∏
Eβ defined by k → ((f(k))f∈Tβ)β is
a homeomorphism whose image is in the c0 sum of the Eβ’s; this follows because
{α : |φα(k)| > ǫ} is finite for each k and each ǫ > 0. The following is in [S10] but
the proof here is even easier.
Theorem. Suppose that K and T are compact Hausdorff spaces and q : K → T is
continuous. Suppose that at least one of K and T is a Corson compact and at least
one is a Radon-Nikodym compact. Then q continuously factors through a space S
that is an Eberlein compact.
Proof. We have shown that if K, or T , has both properties then K, or T , is an
Eberlein compact. It is known that if K is Corson compact then q(K) is Corson
compact; see [Ne], but a nearly trivial proof is given in [S10], which bears re-
peating. We shall assume that T is Corson compact and K is a Radon-Nikodym
compact. We assume that q is onto and A ⊆ C(K) is the subalgebra such that
f ∈ A if and only if there exists h ∈ C(T ) such that gq = f . We have already
used a variant of the following. Suppose that C is a subset of the unit ball of C(K
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that is equimeasurable and separates the points of K. We may assume that C is
a convex and symmetrical subset of the unit ball with 1K ∈ C. It is easy to check
that C ·C is also equimeasurable and, by induction, Cn is equimeasurable; it is also
routine to check that (C ∨C)−C is equimeasurable. Let E be an equimeasurable
set that is closed, convex, symmetrical and contains∑
n
2−nCn.
Again, it follows from the Stone-Weierstraß theorems (see [N]) that ∪n2nE is
uniformly dense in C(K). Let F be any subset of A that is point countable and
separates the (positive and multiplicative) states of A. We shall show that there
exists a subset G of C(K) that is both equimeasurable and point countable and the
algebra A1 generated by G contains F. Observe that the family of all polynomials
in F with rational coefficients is also point countable. Thus, we may assume that F
is a dense subset of the unit ball of A (yes, again, the Stone-Weierstraß theorem).
Partition F by
F =
⋃
n
Fn
so that
Fn ⊆ (2
nE) +B(0,
1
4
).
For each fn,α ∈ Fn choose hn,α ∈ E so that ‖2nhn,α − fn,α‖ <
1
4 . Define
un,α = (2
nhn,α ∨
1
2
)−
1
2
≥ 0
and observe that
2−nun,α = (hn,α ∨
1
2n+1
)−
1
2n+1
∈ (E ∨
1
2n+1
)−
1
2n+1
⊆ (E ∨E)− E
because E is convex and contains the origin and 1K . Thus, {2−nun,α : n, α} is
equimeasurable. Fix k ∈ K; if 2−nun,α(k) > 0 then 2nhn,α(k) >
1
2 which implies
that |fn,α(k)| >
1
4 . Thus, {2
−nun,α : n, α} is also point countable. Fix two points k0
and k1 in K so that k0|A = a0 and k1|A = a1 are distinct (positive, multiplicative)
states of A and choose a function h ∈ A so that
−1 = h(a0) < h(a1) = 1 = ‖h‖.
There exist n and fn,α ∈ Fn so that ‖fn,α − h‖ <
1
4 . Therefore, ‖2
nhn,α − h‖ <
1
2
and it follows that
0 = un,α(a0) < un,α(a1).
Let G = {2−nun,α : n, α}. Let A2 be the algebra generated by F ∪G and let A1
be the algebra generated by G. The arguments above show that the functions in
A2 and A1 separate exactly the same points of K. If some h ∈ A separates two
points in K then those two points are also separated by some un,α. This means
that A ⊆ A1 = A2. The algebra A1 is generated by the point countable and
equimeasurable set {2−nun,α : n, α}. We have proved that the state space of A1 is
an Eberlein compact. From [Gu1] or [BRW] (see also [MR] for another approach)
it follows that the state space of A is also an Eberlein compact and this, of course,
is q(K) = T .
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